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Abstract : The purpose of this paper is to study a complete orientable minimal hypersurface with
finite index in an (n+ 1)-dimensional Riemannian manifold N . We generalize Theorems 1.5-1.6 ([12]). In
1976, Schoen and Yau proved the Liouville type theorem on stable minimal hypersurface, i.e., Theorem
1.7 ([10]). Recently, Seo ([12]) generalized Theorem 1.7 ([10]). Finally, we generalize Theorems 1.7 ([10])
and 1.8 ([12]).
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1 Introduction and main results
Cheng, Li, and Yau [3] derived comparison theorems for the first eigenvalue of Dirichlet bound-
ary problem on any compact domain in minimal submanifolds of the hyperbolic space by estimating
the heat kernel of the compact domain. LetMn be an n-dimensional smooth Riemannian manifold
and Ω ∈ Mn a connected domain with compact closure and nonempty boundary ∂Ω. The first
eigenvalue of a Riemannian manifold Mn is defined to be
λ1(Ω) = inf
{∫
Ω |∇φ|2∫
Ω
φ2
, φ ∈ L21,0(Ω)\{0}
}
,
where the infimum is taken over all compactly supported Lipschitz functions on Mn and L21,0(Ω)
is the completion of C∞0 (Ω) with respect to the norm
‖ϕ‖2Ω =
∫
Ω
ϕ2 +
∫
Ω
|∇ϕ|2.
If Ω1 ⊂ Ω2 are bounded domains, then 0 6 λ1(Ω2) 6 λ1(Ω1). Thus, the first eigenvalue of Mn as
the following limit
λ1(M
n) = lim
r→∞
λ1
(
BMn(p, r)
)
> 0,
where BMn(p, r) is the geodesic ball of radius r centered at p.
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1
In 1970, McKean [8] studied the the bounded from below of the first eigenvalue of complete
Riemannian manifold with sectional curvature bounded from above by negative constants and
obtained the following famous result.
Theorem 1.1 ([8])(McKean). Let Mn be an n-dimensional complete simply connected Rieman-
nian manifold with sectional curvature KMn 6 −K21 < 0. Then we have
λ1(M
n) >
(n− 1)2
4
K21 .
In 2001, Cheung-Leung [5] gave a version of McKean’s theorem for minimal submanifold of the
hyperbolic space and obtained the following.
Theorem 1.2 ([5])(Cheung-Leung). Let Mn(n > 2) be a complete minimal submanifold in an
m-dimensional hyperbolic space Hm(−1). Then
λ1(M
n) >
(n− 1)2
4
.
Recall that a minimal hypersurface is stable if the second variation of the volume is nonnegative
for any normal variation on a compact subset. More precisely, a minimal hypersurface Mn in an
(n + 1)-dimensional Riemannian manifold M
n+1
is said to be called stable if and only if for any
φ ∈ C∞0 (Mn) ∫
Mn
[|∇φ|2 − (Ric(ν, ν) + |A|2)φ2]dυ > 0,
where |A|2 is the squared length of the second fundamental form A, Ric is the Ricci curvature of
M
n+1
, ν is the unit normal vector of Mn, and dυ is the volume form on Mn.
In 2011, Seo [11, Theorem 2.2] gave an upper bound for a stable minimal hypersurface with
finite L2-norm of the second fundamental form of Mn and obtained the following.
Theorem 1.3 ([11]). Let Mn(n > 2) be a complete stable minimal hypersurface in an (n + 1)-
dimensional hyperbolic space Hn+1(−1) with ∫
Mn
|A|2 <∞. Then
(n− 1)2
4
6 λ1(M
n) 6 n2.
LetMn be an n-dimensional complete manifold in an (n+1)-dimensional Riemannian manifold
N . We can choose a local vector field of orthonormal frames e1, · · · , en+1 in N such that the vectors
e1, · · · , en are tangent to Mn and the vector en+1 is normal to Mn. In 2014, Seo generalized
Theorem 1.3 ([11]) and obtain Theorem 1.4.
Theorem 1.4 ([12]). Let Mn be an n-dimensional complete non-totally geodesic stable minimal
hypersurface in an (n + 1)-dimensional complete simply connected Riemannian manifold N with
sectional curvature KN satisfying that
K1 6 KN 6 K2,
where K1, K2 are constants and K1 6 K2 < 0. Assume that, for 1−
√
2
n
< p < 1 +
√
2
n
,
lim
R→∞
R−2
∫
B(R)
|A|2p = 0,
2
where B(R) is a geodesic ball of radius R on Mn. If |∇KN |2 =
∑
i,j,k,l,mK
2
ijkl;m 6 K
2
3 |A|2
for some constant K3 > 0, where Kijkl is a curvature tensor of N and Kijkl;m is the covariant
derivative of Kijkl. Then we have
− (n− 1)
2
4
K2 6 λ1(M
n) 6
np2
(
2K3 − n(K1 +K2)
)
2− n(p− 1)2 .
In this paper, first we generalize Theorem 1.4 and obtain Theorem A.
Theorem A. Let Mn be an n-dimensional complete orientable non-totally geodesic minimal hyper-
surface with finite index in an (n+1)-dimensional complete simply connected Riemannian manifold
N with sectional curvature KN satisfying that
K1 6 KN 6 K2,
where K1, K2 are constants and K1 6 K2 < 0. Assume that, for 1−
√
2
n
< p < 1 +
√
2
n
,
lim
R→∞
R−2
∫
B(R)
|A|2p = 0,
where B(R) is a geodesic ball of radius R on Mn. If |∇KN |2 =
∑
i,j,k,l,mK
2
ijkl;m 6 K
2
3 |A|2
for some constant K3 > 0, where Kijkl is a curvature tensor of N and Kijkl;m is the covariant
derivative of Kijkl. Then we have
− (n− 1)
2
4
K2 6 λ1(M
n) 6
np2
(
2K3 − n(K1 +K2)
)
2− n(p− 1)2 .
When we take n = 2 and p = 1 in Theorem A, we obtain the following.
Corollary A. Let Mn be an n-dimensional complete orientable non-totally geodesic minimal hy-
persurface with finite index in an (n + 1)-dimensional complete simply connected hyperbolic space
Hn+1. If
∫
Mn
|A|2 <∞, then
(n− 1)2
4
6 λ1(M
n) 6 n2.
In 2012, Seo [6] proved that if Mn is an n-dimensional complete noncompact stable minimal
hypersurface in a Riemannian manifold with sectional curvature bounded below by a nonpositive
constant with −K1(2n− 1)(n − 1) < λ1(Mn), there is no nontrivial L2 harmonic 1-form on Mn.
Next Seo [12] generalized the result and obtain Theorem 1.5.
Theorem 1.5 ([12]). Let Mn be an n-dimensional complete noncompact stable minimal hyper-
surface in an (n+ 1)-dimensional complete Riemannian manifold N with sectional curvature KN
satisfying KN > K1, where K1 6 0 is a constant. Assume that, for 0 < p <
n
n−1 +
√
2n,
λ1(M
n) > − 2n(n− 1)
2p2K1
2n− [(n− 1)p− n]2 .
Then there is no nontrivial L2p harmonic 1-form on Mn.
We generalize Theorem 1.5 and get Theorem B.
3
Theorem B. Let Mn be an n-dimensional complete noncompact orientable minimal hypersurface
with finite index in an (n+1)-dimensional complete Riemannian manifold N with sectional curva-
ture KN satisfying KN > K1, where K1 6 0 is a constant. Assume that, for 0 < p <
n
n−1 +
√
2n,
λ1(M
n) > − 2n(n− 1)
2p2K1
2n− [(n− 1)p− n]2 .
Then there is no nontrivial L2p harmonic 1-form on Mn.
Recall that a function f on a Riemannian manifoldMn has finite Lp energy if |∇f | ∈ Lp(Mn).
In 1976, Schoen and Yau proved the Liouville type theorem on stable minimal hypersurface as
follow.
Theorem 1.6 ([10]). Let Mn be a complete noncompact stable minimal hypersurface in a Rie-
mannian manifold N with nonnegative sectional curvature. If f is a harmonic function on Mn
with finite L2 energy, f is constant.
Seo generalized Theorem 1.6 ([10]) and get the following.
Theorem 1.7 ([12]). Let Mn be an n-dimensional complete noncompact stable minimal hyper-
surface in an (n+1)-dimensional Riemannian manifold N with sectional curvature KN satisfying
KN > K1, where K1 6 0 is a constant. Assume that, for 0 < p <
n
n−1 +
√
2n,
λ1(M
n) > − 2n(n− 1)
2p2K1
2n− [(n− 1)p− n]2 .
Then there is no nontrivial harmonic function on Mn with finite Lp energy.
Finally, from Theorem B we obtain the following Corollary B, which generalize Theorems 1.6
([10]) and 1.7 ([12]).
Corollary B. Let Mn be an n-dimensional complete noncompact orientable minimal hypersurface
with finite index in an (n + 1)-dimensional Riemannian manifold N with sectional curvature KN
satisfying KN > K1, where K1 6 0 is a constant. Assume that, for 0 < p <
n
n−1 +
√
2n,
λ1(M
n) > − 2n(n− 1)
2p2K1
2n− [(n− 1)p− n]2 .
Then there is no nontrivial harmonic function on Mn with finite Lp energy.
Remark 1. We know that a complete stable minimal hypersurface in Riemannian manifold with
sectional curvature bounded below by a nonpositive constant has index 0. Hence Theorems A
and B can be regarded as generalizations of Theorems 1.4-1.5. In particular, if N is the (n + 1)-
dimensional hyperbolic space Hn+1, one sees that K1 = K2 = −1, and hence |∇KN |2 = 0, that is,
K3 = 0. Theorem A also generalizes Theorems 1.3 and 1.4.
Let N be a 3-dimensional hyperbolic space H3 in Corollary A, we know that the finite index
condition can be omitted, since the finiteness of the L2 norm of the second fundamental form
implies that M2 has finite index, which was proved by Brard et al. [1].
Theorem 1.8 ([1]). Let M2 be a complete minimal hypersurface with
∫
M2
|A|2 < ∞ in an
3-dimensional complete hyperbolic space H3(−1). Then M2 has finite index.
From Corollary A and Theorem 1.8, we obtain
4
Corollary C. Let M2 be a complete stable minimal hypersurface with
∫
M2
|A|2 < ∞ in an 3-
dimensional complete hyperbolic space H3(−1). Then
1
4
6 λ1(M
n) 6 4.
2 Proof of Theorem A
Proof of Theorem A. In 2003, Bessa-Montenegro [2, Corollary 4.4] obtained that the first
eigenvalue λ1(M
n) of a complete minimal hypersurfaceMn inN is bounded below by− (n−1)24 K2 >
0. In the rest of the proof, we only prove the upper bound of the first eigenvalue λ1(M
n).
Since Mn has finite index, there exists a compact subset Ω ⊂ Mn such that Mn\Ω is stable,
i.e., for any compactly supported Lipschitz function φ on Mn\Ω,∫
Mn\Ω
[|∇φ|2 − (|A|2 +Ric(en+1))φ2]dυ > 0, (2.1)
where |A|2 denotes the squared length of the second fundamental form on Mn\Ω and dυ denotes
the volume form for the induced metric on Mn\Ω. For some geodesic ball B(R0) ⊂ Mn centered
at x ∈ Mn of radius R0 containing the compact set Ω, we know that Mn\B(R0) is still stable.
Without loss of generality, we can assume that Ω = B(R0).
The assumption on sectional curvature of N implies that
nK1 6 Ric(en+1) = R(n+1)1(n+1)1 + · · ·+R(n+1)n(n+1)n.
Thus, the stability inequality (2.1) becomes∫
Mn\B(R0)
|∇φ|2 − (|A|2 + nK1)φ2 > 0. (2.2)
Choose a geodesic ball B(R) ⊂ Mn centered at x ∈ Mn of radius R > R0 and take a cut-off
function 0 6 f 6 1 on Mn satisfying
f =


0 on B(R0),
1 on B(2R+R0)\B(R+R0),
0 on Mn\B(3R+R0),
and |∇f | 6 1
R
on Mn.
From the definition of λ1(M
n) and the domain monotonicity of eigenvalue, it follows
λ1(M
n) 6 λ1
(
Mn\B(R0)
)
6
∫
Mn\B(R0)
|∇φ|2∫
Mn\B(R0)
φ2
(2.3)
for any φ ∈W 1,20
(
Mn\B(R0)
)
, where B(R0) ⊂Mn is a geodesic ball centered at x ∈Mn of radius
R0.
When we take φ = f |A|p in (2.3), for a positive number p > 0 and any compactly supported
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Lipschitz function f on Mn\B(R0), we get
λ1(M
n)
∫
Mn\B(R0)
f2|A|2p
6
∫
Mn\B(R0)
∣∣∇(f |A|p)∣∣2
=
∫
Mn\B(R0)
f2
∣∣∇|A|p∣∣2 + ∫
Mn\B(R0)
|∇f |2|A|2p + 2
∫
Mn\B(R0)
f |A|p < ∇f,∇|A|p > .
(2.4)
By using Young’s inequality, for any ε > 0, we have
2
∫
Mn\B(R0)
f |A|p < ∇f,∇|A|p >6 ε
∫
Mn\B(R0)
f2
∣∣∇|A|p∣∣2 + 1
ε
∫
Mn\B(R0)
|∇f |2|A|2p. (2.5)
From (2.4) and (2.5), we have
λ1(M
n)
∫
Mn\B(R0)
f2|A|2p 6 (1 + ε)
∫
Mn\B(R0)
f2
∣∣∇|A|p∣∣2 + (1 + 1
ε
)∫
Mn\B(R0)
|∇f |2|A|2p.
(2.6)
On the other hand, combining the equations (1.22) and (1.27) in [9], at all points where |A| 6= 0,
we obtain
|A|∆|A|+ 2K3|A|2 − n(2K2 −K1)|A|2 + |A|4 >
∑
h2ijk −
∣∣∇|A|∣∣2. (2.7)
Since K2 −K1 > 0, from (2.7) we get
|A|∆|A|+ 2K3|A|2 − nK2|A|2 + |A|4 >
∑
h2ijk −
∣∣∇|A|∣∣2
= |∇A|2 −
∣∣∇|A|∣∣2. (2.8)
In 2005, Y. L. Xin [15] obtained the following Kato-type inequality:
|∇A|2 − ∣∣∇|A|∣∣2 > 2
n
∣∣∇|A|∣∣2. (2.9)
From (2.8) and (2.9), we obtain
|A|∆|A|+ 2K3|A|2 − nK2|A|2 + |A|4 > 2
n
∣∣∇|A|∣∣2. (2.10)
For a positive number p > 0, we obtain
|A|p∆|A|p = |A|pdiv(∇|A|p)
= |A|pdiv(p|A|p−1∇|A|)
= p(p− 1)|A|2p−2
∣∣∇|A|∣∣2 + p|A|2p−1∆|A|
=
p− 1
p
∣∣∇|A|p∣∣2 + p|A|2p−2|A|∆|A|.
(2.11)
Combining (2.10) and (2.11), we obtain
|A|p∆|A|p > p− 1
p
∣∣∇|A|p∣∣2 + 2p
n
|A|2p−2
∣∣∇|A|∣∣2 − p|A|2p+2 − p(2K3 − nK2)|A|2p
=
p− 1
p
∣∣∇|A|p∣∣2 + 2
np
∣∣∇|A|p∣∣2 − p|A|2p+2 − p(2K3 − nK2)|A|2p
or equivalently,
|A|p∆|A|p + p(2K3 − nK2)|A|2p + p|A|2p+2 >
(
1− n− 2
np
) ∣∣∇|A|p∣∣2. (2.12)
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Multiplying (2.12) both side by a compactly supported Lipschitz function f2 and integrating over
B(3R+R0)\B(R0), we obtain∫
Mn\B(R0)
f2|A|p∆|A|p + p(2K3 − nK2)
∫
Mn\B(R0)
f2|A|2p + p
∫
Mn\B(R0)
f2|A|2p+2
>
(
1− n− 2
np
)∫
Mn\B(R0)
f2
∣∣∇|A|p∣∣2. (2.13)
The divergence theorem gives
0 =
∫
Mn\B(R0)
div(f2|A|p∇|A|p)
=
∫
Mn\B(R0)
f2|A|p∆|A|p +
∫
Mn\B(R0)
f2
∣∣∇|A|p∣∣2 + 2 ∫
Mn\B(R0)
f |A|p < ∇f,∇|A|p > .
(2.14)
From (2.13) and (2.14), we obtain
p
∫
Mn\B(R0)
f2|A|2p+2 + p(2K3 − nK2)
∫
Mn\B(R0)
f2|A|2p −
∫
Mn\B(R0)
f2
∣∣∇|A|p∣∣2
− 2
∫
Mn\B(R0)
f |A|p < ∇|A|p,∇f >>
(
1− n− 2
np
)∫
Mn\B(R0)
f2
∣∣∇|A|p∣∣2. (2.15)
Replacing φ by f |A|p in (2.2), we get∫
Mn\B(R0)
∣∣∇(f |A|p)∣∣2 > ∫
Mn\B(R0)
f2|A|2p+2 + nK1
∫
Mn\B(R0)
f2|A|2p
or equivalently,∫
Mn\B(R0)
|∇f |2|A|2p +
∫
Mn\B(R0)
f2
∣∣∇|A|p∣∣2 + 2 ∫
Mn\B(R0)
f |A|p < ∇f,∇|A|p >
>
∫
Mn\B(R0)
f2|A|2p+2 + nK1
∫
Mn\B(R0)
f2|A|2p.
(2.16)
Multiplying (2.16) by a positive number p > 0 and combining the inequalities (2.15), we obtain
p
[
2K3 − n(K1 +K2)
] ∫
Mn\B(R0)
f2|A|2p + p
∫
Mn\B(R0)
|A|2p|∇f |2
+ (p− 1)
∫
Mn\B(R0)
f2
∣∣∇|A|p∣∣2 + 2(p− 1)∫
Mn\B(R0)
f |A|p < ∇f,∇|A|p >
>
(
1− n− 2
np
)∫
Mn\B(R0)
f2
∣∣∇|A|p∣∣2.
(2.17)
Plugging (2.5) and (2.6) into (2.17), we have
p
λ1(Mn)
(2K3 − nK1 − nK2)
[
(1 + ε)
∫
Mn\B(R0)
f2
∣∣∇|A|p∣∣2
+
(
1 +
1
ε
)∫
Mn\B(R0)
|∇f |2|A|2p
]
+ p
∫
Mn\B(R0)
|A|2p|∇f |2
+ (p− 1)
∫
Mn\B(R0)
f2
∣∣∇|A|p∣∣2
+ (p− 1)
[
ε
∫
Mn\B(R0)
f2
∣∣∇|A|p∣∣2 + 1
ε
∫
Mn\B(R0)
|∇f |2|A|2p
]
>
(
1− n− 2
np
)∫
Mn\B(R0)
f2
∣∣∇|A|p∣∣2
7
or equivalently,[
1− n− 2
np
− (1 + ε)
(
p
λ1(Mn)
(2K3 − nK1 − nK2) + p− 1
)]∫
Mn\B(R0)
f2
∣∣∇|A|p∣∣2
6
[(
1 +
1
ε
)(
p
λ1(Mn)
(2K3 − nK1 − nK2) + p
)
− 1
ε
] ∫
Mn\B(R0)
|A|2p|∇f |2.
(2.18)
Argue by contradiction. Assume that
λ1(M
n) >
np2
(
2K3 − n(K1 +K2)
)
2− n(p− 1)2 =
p(2K3 − nK1 − nK2)
1− n−2
np
− (p− 1) .
Note that 1 −
√
2
n
< p < 1 +
√
2
n
is equivalent to 2 − n(p − 1)2 > 0. Choose a sufficiently small
ε > 0 satisfying that
1− n− 2
np
− (1 + ε)
[
p
λ1(Mn)
(2K3 − nK1 − nK2) + p− 1
]
> 0. (2.19)
Using the fact that |∇f | 6 1
R
by our choice of f and growth condition on
∫
Mn\B(R0)
|A|2p, from
(2.18) and (2.19) we can conclude that, by letting R→∞, ∫
Mn
∣∣∇|A|p∣∣2 = 0 onMn\B(R0), which
implies that |A| is constant on Mn\B(R0). Since the volume of Mn is infinite [14], we know that
|A| ≡ 0 outside the compact subset B(R0). It follows from the maximum principle for minimal
hypersurfaceMn in Riemannian manifold N thatMn must be totally geodesic, which is impossible
by our assumption. Therefore, we have
λ1(M
n) 6
np2
(
2K3 − n(K1 +K2)
)
2− n(p− 1)2 .

3 Proof of Theorem B.
In this section, in order to prove Theorem B, we need the following lemmas.
Lemma 1 ([7]). Let Mn be an n-dimensional complete immersed minimal hypersurface in a
Riemannian manifold N . If all the sectional curvatures of N are bounded below by a constant K,
then
Ric > (n− 1)K − n− 1
n
|A|2.
Lemma 2 ([13]). Let ω be a harmonic 1-form in an n-dimensional Riemannian manifold Mn.
Then
|∇ω|2 −
∣∣∇|ω|∣∣2 > 1
n− 1
∣∣∇|ω|∣∣2.
Lemma 3 ([12]). Let Mn be an n-dimensional complete noncompact Riemannian manifold with
λ1(M
n) > 0. Then Vol(Mn) =∞.
In the case of submanifolds, Cheung and Leung [4, Corollary 2.2] proved that the volume
Vol
(
Bp(r)
)
of every complete noncompact submanifold Mn in the Euclidean or hyperbolic space
is infinite under the assumption that the mean curvature vector H of Mn is bounded in absolute
value.
8
Next we will prove vanishing theorem for Lp harmonic 1-form on a complete noncompact
minimal hypersurface with finite index.
Proof of Theorem B. Since Mn has finite index, by taking the similar processing as in the proof
of Theorem A, we can arrive to the following two inequalities∫
Mn\B(R0)
|∇φ|2 − (|A|2 + nK1)φ2 > 0; (3.1)
λ1(M
n) 6 λ1(M
n\B(R0)) 6
∫
Mn\B(R0)
|∇φ|2∫
Mn\B(R0)
φ2
(3.2)
for any φ ∈W 1,20
(
Mn\B(R0)
)
.
Let ω be an L2p harmonic 1-form on Mn, i.e.,
∆ω = 0 and
∫
Mn
|ω|2pdυ <∞.
In an abuse of notation, we will refer to a harmonic 1-form and its dual harmonic vector field both
by ω. From Bochner formula, it follows
∆|ω|2 = 2(|∇ω|2 +Ric(ω, ω)).
On the other hand, one sees that
∆|ω|2 = 2(|ω|∆|ω|+ ∣∣∇|ω|∣∣2).
Thus, we obtain
|ω|∆|ω| − Ric(ω, ω) = |∇ω|2 −
∣∣∇|ω|∣∣2.
Applying Lemma 1 and Lemma 2 yields
|ω|∆|ω|+ n− 1
n
|A|2|ω|2 − (n− 1)K1|ω|2 > 1
n− 1
∣∣∇|ω|∣∣2. (3.3)
For any positive number p, we have
|ω|p∆|ω|p = |ω|pdiv(∇|ω|p)
= |ω|pdiv(p|ω|p−1∇|ω|)
= p(p− 1)|ω|2p−2∣∣∇|ω|∣∣2 + p|ω|2p−1∆|ω|
=
p− 1
p
∣∣∇|ω|p∣∣2 + p|ω|2p−2|ω|∆|ω|.
(3.4)
Plugging inequality (3.3) into (3.4), we have
|ω|p∆|ω|p + p(n− 1)
( |A|2
n
−K1
)
|ω|2p >
[
1− 1
p
+
1
p(n− 1)
] ∣∣∇|ω|p∣∣2. (3.9)
Multiplying both side by a Lipschitz function f2 with compact support in Mn\B(R0) and inte-
grating (3.5) over Mn\B(R0), we get∫
Mn\B(R0)
f2|ω|p∆|ω|p + p(n− 1)
n
∫
Mn\B(R0)
f2|A|2|ω|2p − p(n− 1)K1
∫
Mn\B(R0)
f2|ω|2p
>
[
1− 1
p
+
1
p(n− 1)
]∫
Mn\B(R0)
f2
∣∣∇|ω|p∣∣2 (3.6)
9
The divergence theorem gives∫
Mn\B(R0)
f2|ω|p∆|ω|p = −
∫
Mn\B(R0)
f2
∣∣∇|ω|p∣∣2 − 2 ∫
Mn\B(R0)
f |ω|p < ∇f,∇|ω|p > . (3.7)
From (3.6) and (3.7), we have[
1− 1
p
+
1
p(n− 1)
]∫
Mn\B(R0)
f2
∣∣∇|ω|p∣∣2
6
p(n− 1)
n
∫
Mn\B(R0)
f2|A|2|ω|2p − p(n− 1)K1
∫
Mn\B(R0)
f2|ω|2p
−
∫
Mn\B(R0)
f2
∣∣∇|ω|p∣∣2 − 2 ∫
Mn\B(R0)
f |ω|p < ∇f,∇|ω|p > .
(3.8)
Replacing φ by f |ω|p in (3.1), we have∫
Mn\B(R0)
∣∣∇(f |ω|p)∣∣2 > ∫
Mn\B(R0)
f2|ω|2p+2 + nK1
∫
Mn\B(R0)
f2|ω|2p
or equivalently,∫
Mn\B(R0)
f2
∣∣∇|ω|p∣∣2+ ∫
Mn\B(R0)
|∇f |2|ω|2p + 2
∫
Mn\B(R0)
f |ω|p < ∇f,∇|ω|p >
>
∫
Mn\B(R0)
f2|A2|ω|2p + nK1
∫
Mn\B(R0)
f2|ω|2p.
(3.9)
Combining the inequalities (3.8) and (3.9) gives
[
1− 1
p
+
1
p(n− 1)
] ∫
Mn\B(R0)
f2
∣∣∇|ω∣∣p|2 6 p(n− 1)
n
{∫
Mn\B(R0)
f2
∣∣∇|ω∣∣p|2
+
∫
Mn\B(R0)
|∇f |2|ω|2p + 2
∫
Mn\B(R0)
f |ω|p < ∇f,∇|ω|p >
− nK1
∫
Mn\B(R0)
f2|ω|2p
}
− p(n− 1)K1
∫
Mn\B(R0)
f2|ω|2p
−
∫
Mn\B(R0)
f2
∣∣∇|ω|p∣∣2 − 2 ∫
Mn\B(R0)
f |ω|p < ∇f,∇|ω|p >
or equivalently,[
1− 1
p
+
1
p(n− 1)
]∫
Mn\B(R0)
f2
∣∣∇|ω|p∣∣2
6
[
p(n− 1)
n
− 1
]∫
Mn\B(R0)
f2
∣∣∇|ω|p∣∣2
+
p(n− 1)
n
∫
Mn\B(R0)
|∇f |2|ω|2p − 2p(n− 1)K1
∫
Mn\B(R0)
f2|ω|2p
+ 2
[
p(n− 1)
n
− 1
]∫
Mn\B(R0)
f |ω|p < ∇f,∇|ω|p > .
(3.10)
Put φ = f |ω|p in the above inequality (3.2). Then
λ1(M
n)
∫
Mn\B(R0)
f2|ω|2p
6
∫
Mn\B(R0)
∣∣∇(f |ω|p)∣∣2
=
∫
Mn\B(R0)
f2
∣∣∇|ω|p∣∣2 + ∫
Mn\B(R0)
|∇f |2|ω|2p + 2
∫
Mn\B(R0)
f |ω|p < ∇f,∇|ω|p > .
(3.11)
10
By using Young’s inequality, for any ε > 0, we see that
2
∫
Mn\B(R0)
f |ω|p < ∇f,∇|ω|p >6 ε
∫
Mn\B(R0)
f2
∣∣∇|ω|p∣∣2 + 1
ε
∫
Mn\B(R0)
|∇f |2|ω|2p. (3.12)
From (3.11) and (3.12), we have
λ1(M
n)
∫
M\B(R0)
f2|ω|2p 6 (1+ε)
∫
Mn\B(R0)
f2
∣∣∇|ω|p∣∣2+(1 + 1
ε
)∫
Mn\B(R0)
|∇f |2|ω|2p. (3.13)
Plugging (3.12) and (3.13) into (3.10), we have[
2− 1
p
+
1
p(n− 1) +
2p(n− 1)K1
λ1(Mn)
− p(n− 1)
n
− ε
(
p(n− 1)
n
− 1− 2p(n− 1)K1
λ1(Mn)
)]
×
∫
Mn\B(R0)
f2
∣∣∇|ω|p∣∣2
6
[
p(n− 1)
n
− 2p(n− 1)K1
λ1(Mn)
− 1
ε
(
p(n− 1)
n
− 1− 2p(n− 1)K1
λ1(Mn)
)]∫
Mn\B(R0)
|∇f |2|ω|2p.
(3.14)
Since
λ1(M
n) >
−2p(n− 1)K1
2− 1
p
+ 1
p(n−1) − p(n−1)n
=
−2n(n− 1)2p2K1
2n− [(n− 1)p− n]2 ,
by the hypothesis, one can choose a sufficiently small ε > 0 satisfying that
2− 1
p
+
1
p(n− 1) +
2p(n− 1)K1
λ1(Mn)
− p(n− 1)
n
− ε
(
p(n− 1)
n
− 1− 2p(n− 1)K1
λ1(Mn)
)
> 0. (3.15)
Note that
∫
Mn\B(R0)
|ω|2p < ∞, since ω is an L2p harmonic 1-form on Mn. Letting R tend to
infinity, from (3.14) and (3.15), we obtain∫
Mn\B(R0)
∣∣∇|ω|p∣∣2 = 0,
which implies that |∇ω| ≡ 0. Hence |ω| ≡constant. From the assumption that λ1(Mn) > 0 and
Lemma 3, we can conclude that |ω| ≡ 0 outside the compact subset B(R0). It follows from the
maximum principle for minimal hypersurface Mn in Riemannian manifold N that |ω| ≡ 0 on Mn.

Acknowledgement
The author would like to thank Professor Kefeng Liu and Professor Hongwei Xu for long-time
encouragement.
References
[1] P. Brard, M. do Carmo and W. Santos, The index of constant mean curvature surfaces in
hyperbolic 3-space, Math. Z., 244 (1997) 313-326.
[2] G. P. Bessa and J. F. Montenegro, Eigenvalue estimates for submanifolds with locally bounded
mean curvature, Ann. Global Anal. Geom., 24 (2003) 279-290.
[3] S. Y. Cheng, P. Li and S. T. Yau, Heat equations on minimal submanifolds and their applica-
tions, Amer. J. Math., 106 (1984) 1033-1065.
11
[4] L. F. Cheung and P. F. Leung, The mean curvature and volume growth of complete noncompact
submanifolds, Differential Geom. Appl., 8 (1998) 251-256.
[5] L. F. Cheung and P. F. Leung, Eigenvalue estimates for submanifolds with bounded mean
curvature in the hyperbolic space, Math. Z., 236 (2001) 525-530.
[6] N. T. Dung and K. Seo, Stable minimal hypersurfaces in a Riemannian manifold with pinched
negative sectional curvature, Ann. Global Anal. Geom., 41 (2012), 447-460.
[7] P. F. Leung, An estimate on the Ricci curvature of a submanifold and some applications, Proc.
Amer. Math. Soc., 114 (1992) 1051-1061.
[8] H. P. McKean, An upper bound to the spectrum of △ on a manifold of negative curvature, J.
Differential Geometry., 4 (1970) 359-366.
[9] R. Schoen, L. Simon and S. T. Yau, Curvature estimates for minimal hypersurfaces, Acta
Math., 134 (1975) 275-288.
[10] R. Schoen and S. T. Yau, Harmonic maps and the topology of stable hypersurfaces and
manifolds with non-negative Ricci curvature, Comment. Math. Helv., 51 (1976) 333-341.
[11] K. Seo, Stable minimal hypersurfaces in the hyperbolic space, J. Korean Math. Soc., 48 (2011)
253-266.
[12] K. Seo, Lp harmonic 1-forms and first eigenvalue of a stable minimal hypersurface, Pacific J.
Math., 268 (2014) 205-229.
[13] X. Wang, On conformally compact Einstein manifolds, Math. Res. Lett., 8 (2001) 671-688.
[14] S. W. Wei, The structure of complete minimal submanifolds in complete manifolds of nonpos-
itive curvature, Houston J. Math., 29 (2003) 675-689.
[15] Y. L. Xin, Berstein type theorems without graphic condition, Asian J. Math., 9 (2005) 31-44.
12
